On the stability and collisions in triple stellar systems by He, Matthias Y. & Petrovich, Cristobal
Mon. Not. R. Astron. Soc. 000, 1–12 (2017) Printed 11 November 2018 (MN LATEX style file v2.2)
On the stability and collisions in triple stellar systems
Matthias Y. He2,1? & Cristobal Petrovich1,3
1Canadian Institute for Theoretical Astrophysics, University of Toronto, Ontario, M5S 3H8, Canada
2Department of Astronomy & Astrophysics, Pennsylvania State University, University Park, PA 16802, US
3Centre for Planetary Sciences, Department of Physical & Environmental Sciences, University of Toronto at Scarborough, Toronto, Ontario M1C 1A4, Canada
Accepted ?. Received ?; in original form ?
ABSTRACT
A significant fraction of main sequence stars are part of a triple system.We study the long-term
stability and dynamical outcomes of triple stellar systems using a large number of long-term
direct N-body integrations with relativistic precession. We find that the previously proposed
stability criteria by Eggleton & Kiseleva 1995 and Mardling & Aarseth 2001 predict the
stability against ejections reasonably well for a wide range of parameters. Assuming that the
triple stellar systems follow orbital and mass distributions from FGK binary stars in the field,
we find that in ∼ 1% and ∼ 0.5% of the triple systems lead to a direct head-on collision
(impact velocity ∼ escape velocity) between main sequence (MS) stars and between a MS star
and a stellar-mass compact object, respectively. We conclude that triple interactions are the
dominant channel for direct collisions involving a MS star in the field with a rate of one event
every ∼ 100 years in the Milky Way. We estimate that the fraction of triple systems that forms
short-period binaries is up to ∼ 23% with only up to ∼ 13% being the result of three-body
interactions with tidal dissipation, which is consistent with previous work using a secular code.
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1 INTRODUCTION
Nearly 20% of the Solar-type stars in the Solar neighbourhood are
in triple stellar systems (Duquennoy &Mayor 1991; Raghavan et al.
2010) and similar or higher fraction is observed for more massive
stars (e.g., De Rosa et al. 2014; Sana et al. 2012). Moreover, it has
been shown that the scatterings of binary-binary, triple-single, and
triple-binary systems can produce compact triple systems with con-
figurations subject to strong Lidov-Kozai (LK) oscillations, which
can lead to unstable outcomes (Antognini & Thompson 2015). Un-
derstanding the stability and dynamical fates of these systems have
important consequences for gaining insight on their initial assembly,
the underlying stellar orbital architectures, and transient phenomena
associated with close encounters between stars.
Various criteria for the stability of triple stellar systems have
been proposed (see the review by Georgakarakos 2008 for an ex-
tensive list). In the general three-body set up (arbitrary masses and
orbital configurations), these criteria have relied either on direct
N-body integrations (e.g., Harrington 1972; Eggleton & Kiseleva
1995) or heuristic methods (e.g., Mardling & Aarseth 1999, 2001).
Although these criteria have proven useful inmany astrophysical ap-
plications, their performance using direct long-termN-body integra-
tions has not been properly tested. In particular, Petrovich (2015a)
showed that two popular criteria by Eggleton & Kiseleva (1995)
and Mardling & Aarseth (2001) do not perform very well in the
planetary limit (a star orbited by two planets) when the systems are
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evolved for 108 orbits of the inner body. However, these criteria
were proposed in the context of triple stellar systems and, to our
knowledge, a numerical study of their performance in this regime
is still missing.
Another limitation for astrophysical applications is that these
stability criteria treat the three bodies as point masses and ignore
forces other than theKeplerian interactions. This simplification does
not allow for fates of triple systems other than ejections and long-
lived systems, and ignore possible outcomes when bodies approach
each other very closely such as: mergers, tidal disruptions, and for-
mations of short-period binaries. In particular, short-period binaries
can result from the tidal circularization of a binary orbit if a distant
third companion induces long term eccentricity excitations (Mazeh
& Shaham 1979).
In triple stellar systems, these fates have not been stud-
ied using long-term direct N-body integrations because these are
generally too expensive to capture the relevant dynamical ef-
fects that can happen after many orbits. Instead, most previ-
ous studies1 have used the much faster secular codes, which
average all interactions over the inner and outer orbital peri-
ods (e.g., Eggleton & Kiseleva 2006, Fabrycky & Tremaine 2007,
1 Two exceptions are Valtonen & Karttunen (2006) and Antonini et al.
(2016) who used direct N-body integrations of triple systems in globular
clusters or short-term integrations. The latter study evolved each triple sys-
tem for a time equal to the timescale over which they will be disrupted
through gravitational encounters with other stars.
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Perets & Fabrycky 2009, Naoz & Fabrycky 2014,Maxwell &Krat-
ter 2017). Although this averaging procedure has proved to be quite
useful and has demonstrated the importance of three-body dynam-
ics at producing different fates after close encounters, it has a few
shortcomings:
• the triples need to be initialized in stable and non-crossing
orbits (ain < aout[1 − eout]). For instance, Fabrycky & Tremaine
(2007); Naoz & Fabrycky (2014) discarded ∼ 40% of the randomly
drawn systems because these were assumed to be dynamically un-
stable in short timescales given the stability criterion by Mardling
& Aarseth (2001);
• processes occurring in dynamical timescales such as tidal cap-
tures and head-on collisions are not properly captured;
• the most up-to-date study by Naoz & Fabrycky (2014) ap-
proximates the three-body gravitational interactions in powers of
the semi-major axis ratio up to the octupole-level (the Eccentric
Kozai-Lidov mechanism, Naoz 2016) and restrict their analysis to
oct ≡ aineout/[aout(1 − e2out)] < 0.1;
• the dynamics from the double-orbit averaging has recently been
shown to poorly describe the rate of close approaches (orbits with
1 − ein  1) under some circumstances. First, for massive enough
perturbers (m1 ∼ m3) it can over-predict the rate of close approaches
compared to direct N-body integrations even though oct ∼ 0.1 −
0.01 (Luo et al. 2016). Second, for systems in mildly hierarchical
orbits aout(1−eout)/ain ∼ 3−10, it can under-predict the rate of close
approaches compared to direct N-body integrations because the
secular approximation breaks down and significant changes in the
orbit’s angularmoment can occur in dynamical timescales (Antonini
& Perets 2012; Katz & Dong 2012; Antognini et al. 2014; Antonini
et al. 2014).
In this paper, we test two widely-used criteria by proposed by
Eggleton & Kiseleva (1995) and Mardling & Aarseth (2001), for
a wide distribution of stellar triple systems using intensive N-body
simulations.We track the close approaches between the three bodies
and include the effect of apsidal precession due to general relativity.
This approach allows us to estimate the rate of collisions in a scale-
free fashion (independent of the stellar radius) and we apply it to a
variety of triple systems involving main sequence stars as well as
compact objects.
2 PREVIOUS STABILITY CRITERIA
Eggleton & Kiseleva (1995) used N-body integrations and handled
the eccentricities and mutual inclinations separately, while defining
a system to be n-stable if it preserves the initial hierarchy of semi-
major axes and does not involve any ejections for 10n orbits. They
derived an analytical stability boundary for stellar triples based on
integrations with n = 2 for the outer binary (i.e., 102 outer orbital
periods), as given in Equation (2), although they looked at longer
evolutions for certain systems.
Mardling &Aarseth (1999) derived a semi-analytic expression
for stability against ejections of the outer body by likening this
scenario to stability against chaotic energy exchange in the binary-
tides problem.They initially restricted their analyses to the prograde,
coplanar case, although a small heuristic factor (the [1−0.3im/180◦]
dependence) was added in order to generalize to mutually inclined
orbits, aswritten in Equation (3) (Mardling&Aarseth 2001;Aarseth
2004).
The two stability criteria are re-written here, in a manner fol-
lowing that of Petrovich (2015a), where we use
rap ≡ aout(1 − eout)ain(1 + ein) (1)
as the orbit separation parameter (ain and aout refer to the semi-
major axes of the inner and outer bodies respectively, while ein and
eout refer to the eccentricities of the inner and outer body orbits,
respectively) and write the conditions for stability in the form of
rap > Y , with YEK and YMA to denote the results from the Eggleton
& Kiseleva (1995) and Mardling & Aarseth (2001), respectively,
as:
YEK ≡ 1 + 3.7
q1/3out
− 2.2
1 + q1/3out
+
1.4
q1/3in
q1/3out − 1
1 + q1/3out
(2)
YMA ≡ 2.8 11 + ein
[
(1 + µout) 1 + eout(1 − eout)1/2
]2/5
(1 − 0.3im/180◦).
(3)
Here, qin = m1/m2 and qout = (m1 + m2)/m3 are the inverse mass
ratios of the inner and outer bodies respectively to the bodies within,
and µout = m3/(m1 + m2) is the mass ratio of the outer body to the
inner bodies (1, 2, 3 denote the bodies from innermost to outermost).
We refer to the conditions for stability involving Equations (2) and
(3), i.e. rap > YEK and rap > YMA, hereafter as EK95 and MA01
respectively.
3 OUR NUMERICALLY SIMULATED SAMPLE
To simulate the triple systems over a long timescale, we ran N-body
integrations using the IAS15 integrator (Rein & Spiegel 2015) of
REBOUND (Rein & Liu 2012). This integrator uses an adaptive
time-stepping algorithm to keep systematic errors below machine
precision, and is well suited to handle close encounters and highly
eccentric orbits (Rein & Spiegel 2015).
We use modules from the additional REBOUNDx package
to include effects of general relativity (GR) and use the “grfull"
implementation detailed in (Tamayo et al., in prep2), which ad-
vances the pericentre according to the point-mass acceleration from
Newhall et al. (1983) (Equation 1 therein), valid for separations
∆r  2G(mi + mj )/c2. For m1 + m2 = 1M , this distance corre-
sponds to 2.96 × 105 cm ' 2 × 10−8 AU. We limit our analysis to
separations of ∆r > 10−6 AU for which our approximation should
work well.
We do not include tidal forces nor rotations of the stars in
our simulations. This simplification has the advantage that our re-
sults are independent of the radii of the bodies and can be applied
to different systems containing main sequence (MS) stars, white
dwarfs (WD), neutron stars (NS), and black holes (BH). Since we
are limited to minimum separations much larger than the NS radius
(∆r  1RNS ∼ 10−7 AU), the systems for which we can track
close encounters need to either have a main sequence star or a white
dwarf.
3.1 Distribution of Initial Parameters
We draw a sample of 5000 systems in a similar manner as Fabrycky
& Tremaine (2007), which is based on the observed populations in
2 More details can found in the following link:
http://reboundx.readthedocs.io/en/latest/effects.html
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Duquennoy &Mayor (1991). The central mass is set to m1 = 1M;
the inner body massm2 is chosen by drawing the ratio µin = m2/m1
from a Gaussian distribution with a mean of 0.23 and standard
deviation of 0.42, and then the outer body mass m3 is chosen in
the same manner by drawing µout = m3/(m1 + m2) from the same
Gaussian distribution. Negative results are resampled and thus the
actual distributions are skewed to slightly larger values. We do not
assign any radii to our three bodies, and thus treat them as point
sources and do not directly simulate any collisions. Instead, we track
various degrees of close encounters which we can then consider
what would be collisions or mergers at any scale we choose.
The initial semi-major axes (ain, aout) are chosen by sampling
orbital periods (Pin, Pout) from a lognormal distribution with mean
of log (P/days) of 4.8 and standard deviation of 2.8. We impose a
cutoff of 1 day for the periods by resampling periods shorter than
this. The shorter period is then assigned to the inner body and the
larger period to the outer body.
We sample the initial eccentricities (ein, eout) uniformly in
[0, 0.9], which are the only orbital parameters drawn differently
than in Fabrycky & Tremaine (2007) who considered a thermal
eccentricity distribution without an upper limit. The uniform ec-
centricity distribution is favored by the observations of binary sys-
tems in Raghavan et al. (2010) and triple systems in Tokovinin &
Kiyaeva (2016), while the upper limit of 0.9 is arbitrary and only
imposed to limit the number of short-lived systems in orbit-crossing
trajectories. We set the initial inclination of the inner orbit to 0 and
draw the initial outer inclination as cos i uniformly in [−1, 1] to
assume isotropic initial mutual inclinations. The other angles and
arguments (ωin,Ωin, fin and similarly for the orbit of the outer body)
are sampled uniformly in [0, 2pi].
3.2 Integration and Stopping Conditions
Instead of integrating every system that is drawn, we first compute
and compare some dynamical timescales to decide which systems
are interesting enough to simulate.
Sufficiently hierarchical systems (rap  1) are stable in dy-
namical timescales and they can only evolve secularly without ex-
changing energy, but only exchanging angular momentum. This
angular momentum exchange can potentially drive the inner orbit’s
eccentricity to nearly unity by the Lidov-Kozai mechanism (Lidov
1962; Kozai 1962), leading to strong tidal interactions and dif-
ferent possible outcomes (see e.g., Naoz 2016). A necessary, but
not sufficient, condition for this to happen is that the characteristic
Lidov-Kozai timescale (e.g., Antognini 2015):
τLK =
2
3pi
P2out(1 − e2out)3/2
Pin
m1 + m2 + m3
m3
(4)
overcomes the general relativistic (GR) orbital precession timescale
τGR (e.g., Fabrycky & Tremaine 2007):
τGR =
c2
3G3/2
a5/2in (1 − e2in)
(m1 + m2)3/2
' 5.3Myr
(
ain(1 − e2in)2/5
1 AU
)5/2 (
M
m1 + m2
)3/2
. (5)
We disregard the systems with τLK > τGR and rap > 10 and classify
them as long-term stable.
We set a maximum integration time of tmax = 107Pin, and
only simulate systems satisfying both τLK < τGR and τLK < tmax.
During each system’s integration, we check for close encounters
between any bodies and record the first time the system involves a
close approach of less than 10−1AU, 10−1.25AU, 10−1.5AU, and so
on to 10−6AU. The integration is stopped when one of the following
conditions is met:
• an ejection occurs, which we define as having the distance d of
a body to the centre of mass exceed five times the initial semi-major
axes of the outer body, i.e. d > 5aout,i3;
• the system has evolved for tmax = 107Pin;
• a computational wall-time of 48h is reached.
Of the 5000 systems, only 3207 were simulated (1688 have
τLK > τGR and 105 have τLK > tmax). Out of these, 1222 did not
finish integrating to 107Pin (i.e., they only met the last condition
above). The majority of these evolved for well over 106Pin (only
221 systems did not finish integrating to 5 × 106Pin); thus in order
to improve statistics we reduce our total evolution time to tmax =
5 × 106Pin when considering the outcomes for each system.
We then classify our systems as stable or unstable based simply
on their dynamical outcomes over the integration time: a system is
unstable if there is an ejection and stable if there are none. Since
we are treating all three bodies as point masses and thus not di-
rectly simulating collisions or mergers, all systems fall into these
two categories; however, by tracking close encounters we can dis-
tinguish which systems would have resulted in mergers or colli-
sions at various scales. Additionally we discard (60) systems where
the inner body has an initial pericentre of less than 0.01 AU, i.e.
ain,0(1 − ein,0) < 0.01 AU, in order to prevent systems beginning
with very close-approaching configurations to the host star from
contributing to our subsequent analyses involving close encoun-
ters and collisions of the systems. Our final sample includes 4720
systems.
4 RESULTS
4.1 Performance of stability criteria
In Figure 1, we plot the relative fractions of stable systems and
their complement, unstable systems, as a function of the stability
criterion f ≡ rap − Y where Y = YEK (given by Equation 2) in the
top plot and Y = YMA (given by Equation 3) in the bottom plot.
Since the conditions for stability are written in the form of rap > Y ,
the parameter f quantifies the degree of stability and defines a
boundary at f = 0, with f > 0 predicting stability and f < 0
predicting instability over a long time scale. Systems involving close
encounters of less than 10−2 AU ∼ 2R and systems that were not
simulated due to obeying τLK > τGR or τLK > tmax4 are not
included here; a total of 2790 systems are plotted. The highly stable
tail (upper end of the x-axes) is also truncated at f = 5 for clarity.
We see that both the EK95 and MA01 criteria perform quite
well for the range of systems we explored. By defining the com-
pleteness of the classifications (stable or unstable) as the ratio of
the number of correctly identified systems satisfying f > 0 (or
f < 0) to the total number of stable (or unstable) systems, we
3 If one of the bodies satisfies d > 5aout, i it is almost always in an unbound
orbit (ejected). Even if it is not ejected, the configuration changed signif-
icantly relative to the initial one, so the initial configuration is considered
unstable.
4 The systems with τLK > min{τGR, tmax } have f  1 and are all expected
to be stable.
© 2017 RAS, MNRAS 000, 1–12
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Figure 1. Histograms of the relative fractions of stable (blue) and unstable (red) systems as a function of stability conditions, f = rap − YEK (top) and
f = rap −YMA (bottom). Systems involving close encounters at the ∆r < 0.01AU scale are not included here. The black dashed vertical line marks the stability
boundary f = 0, above which systems are classified as stable and below which systems are classified as unstable according to the criteria. We use 20 uniform
bins between the minimum value of f and f = 5; systems with f > 5 are not shown (they are all extremely stable).
quantify the performances of the criteria as follows: the EK95 crite-
ria provides a completeness of about 96.6% (1520/1573) for stable
systems and 95.9% (1167/1217) for unstable systems; the MA01
criteria provides a completeness of about 98.9% (1555/1573) for
stable systems and 93.6% (1139/1217) for unstable systems.
We caution that the completeness depends on the distribution
of initial conditions and if we had populated the region around f = 0
more densely relative to regions with | f |  1, the completeness
would likely decrease. In particular, if we restrict to the initial con-
ditions in the range f = [−3, 3] we get a completeness of 86.8%
(95.7%) and 95.2% (92.6%) for stable (unstable) systems using
EK95 andMA01, respectively. Even in these more unfavorable lim-
its, the completenesses are still relatively high, especially using the
MA01 criteria. Thus, we consider that the overall separation of the
classes is good enough for practical purposes (observational works
and theoretical population synthesis models). The mixed states oc-
cur mostly at | f | . 0.05.
It is important to note that the orbit separation parameter rap
itself is already a very good stability indicator. There is a clear con-
stant value of rap which seems to form the general boundary between
stable and unstable systems. To test how well the EK95 and MA01
criteria perform over the rap parameter alone ( f = rap − Y where
Y is a constant), we compute the stable and unstable completeness
for Y = 3 and Y = 2.5. Using the same systems included in Figure
1 (2790 systems), the rap = Y = 3 ( f = 0) boundary results in a
completeness of 95.9% and 97.5% for stable and unstable systems,
respectively. Restricting the domain to systems with f = [−3, 3], the
completenesses are 84.1% and 97.5%. The rap = Y = 2.5 ( f = 0)
boundary results in a completeness of 98.2% and 93.4% for stable
and unstable systems, respectively (for the 2790 systems), while
taking the subset of systems with f = [−3, 3] gives 92.1% and
93.4%. As expected, shifting to a lower constant Y improves the
completeness of stable systems while trading off the completeness
of unstable systems, as a lower Y is equivalent to having a less
conservative criteria for stability.
Interestingly, we note that the simple conservative criterion
rap > 3 above is consistent with the observations of triple systems in
Tokovinin (2008) who finds that these systems satisfy Pout/Pin & 5:
the criterion rap > 3 implies that aout/ain > 3 (ein = eout = 0),
which for equal-mass stars implies that Pout/Pin > 33/2×(2/3)1/2 =
4.24. As previously pointed out byPetrovich (2015a) the constant rap
criterion alsoworkswell in the planetary regime (m2,m3  m1), but
for a smaller value as expected: rap = 1.83 instead of rap = 2.5 − 3
for triple stars.
In summary, based on the performance in the classification
of our simulated systems we conclude that the MA01 criterion
performs very well with completeness of ∼ 95%. The criterion by
EK95 performs slightly worse than MA01 and it is comparable to
the simple constant criterion rap = 2.5.
4.2 Close encounters and ejections
We show plots of the cumulative fractions of systems involving
close encounters (∆r < 0.01 AU ∼ 2R) and ejections over time,
in Figure 2. The timescales are shown both in units of years and
in units of the initial period of the inner body, Pin. We restrict the
x-axes to range from 1 yr to 1010 yr and from 1 Pin to 5 × 106Pin,
respectively. The number of systems involving ejections and thus
© 2017 RAS, MNRAS 000, 1–12
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Figure 2. Plot of the cumulative fraction of systems involving close encounters of ∆r < 0.01 AU (blue) and ejections (red) as a function of time in years (top)
and in periods of the inner body, Pin (bottom).
becoming unstable increases significantly over time, with a rate
(scaled logarithmically to time) that seems to increase until roughly
105 yr or 102Pin. It then levels off horizontally for very large ages,
to a value that is just above 30% (1440/4720) of our total number of
systems. In turn, the number of systems involving close approaches
inside ∆r = 0.01 AU increases roughly at a constant rate as a
function of log Pin, although a smaller number of systems reach
this criteria; a final value of 8.54% (403/4720) represents the total
fraction of systems reaching such a close encounter in 5 × 106Pin
of evolution, for the distribution of systems we explored.
In Figure 3, we plot several curves for the cumulative fractions
of systems reaching various close encounter thresholds (as recorded
in our integrations). We use ∆r to denote the lowest threshold that
any two bodies in the system, relative to each other, surpassed at any
time during their orbital evolutions, and ∆r0 = ain,0(1 − ein,0), i.e.
the initial pericentre of the inner body. The black curve includes all
our systems, while the blue-‘x’ curve shows the distribution of the
initial closest separation,∆r0. Note that as mentioned previously, we
discarded systems with ∆r0 < 10−2 AU as they would contaminate
the actual close encounters that we tracked. Thus, we get some
contribution from the initial distribution to close encounters down
until ∆r = 10−2 AU, where it cuts to zero. The red and green
lines both show the cumulative fractions of systems reaching each
∆r for systems classified as unstable by MA01, while the latter
also excludes systems from the blue-‘x’ curve, i.e. systems with
∆r0 < 0.1 AU. Comparing these two curves, it is clear that systems
with initially close-in orbits of the inner body (∆r0 < 0.1 AU)
contribute to the number of close encounterswe have down to almost
10−4 AU, for MA01 unstable systems. The difference between the
black and red plots show that while systems reaching ∆r between
10−1 and ∼ 10−4 AU come from both stable and unstable (MA01)
systems, almost all of the extremely close encounters less than
∆r ' 10−4 AU are in stable systems with eccentricity-driven close
approaches.
In Figure 4 we show the evolution of one system that is ini-
tially close to the instability edge with rap − YMA ' −0.198 to
illustrate the peculiar behavior that can give rise to both collisions
and ejections. From the upper and middle panels we observe that
this system undergoes large-amplitude eccentricity and inclination
oscillations on timescales of Pout, which is similar to the chaotic
excursions of the pericentre described by Antonini & Perets (2012);
Katz & Dong (2012) when the secular approximation breaks down.
However, unlike what these authors described, the system is at the
stability edge and it becomes unbound after ∼ 4.7× 105Pin. Before
doing so, it experiences close encounters as close as ∆r ' 0.001
AU. It also satisfies our definition of a clean collision between main
sequence stars as defined in section 5.1 (but does not constitute a
clean collision between a main sequence star and a compact ob-
ject, as defined in section 5.2). Thus, in this example the random
diffusion of the pericentre distance is also accompanied by a slow
diffusion in energy.
4.3 Effect of initial mutual inclination on stability
In order to assess the dependence of stability on the initial mutual
inclination of the two bodies, we present a scatter plot in Figure
5 of im,i versus f = rap − YMA for our simulated systems. We
separate these systems into three categories for this plot: systems
with∆r < 0.01AU (green ‘*’s), and stable (blue) and unstable (red)
systems with ∆r > 0.01 AU. The unstable and stable systems are
scattered left and right, respectively, of theMA01 stability boundary
f = 0 as we expect from the stability criteria histograms in Figure
© 2017 RAS, MNRAS 000, 1–12
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Figure 3. Cumulative distribution function for fractions of systems reaching various close encounter thresholds ∆r . The black curve includes systems reaching
∆r at any point of their evolution (including the initial distribution, ∆r0). The red curve includes only the systems that are classified as unstable by the Mardling
& Aarseth boundary, f = rap −YMA < 0, while the green curve is a subset of the red curve, also excluding systems with ∆r0 = ain,0(1 − ein,0) < 0.1 AU. The
blue curve shows the initial cumulative distribution of the closest approach, the initial pericentre distance ∆r0 = ain,0(1 − ein,0).
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Figure 4. Evolution of a system close to the stability boundary (rap − YMA ' −0.198) that resulted in an ejection. The top panel shows the eccentricity
oscillations, the middle panel shows the mutual inclination oscillations, and the bottom panel shows the evolution of semi-major axes of the inner and outer
bodies over time in Pin. The inner body was initialized with m2 = 0.070M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(giving an initial Pin ' 58 yr), while the outer body was initialized with m3 = 0.217M , aout = 143.136 AU, eout = 0.646, iout = 2.030, Ωout = −3.051,
ωout = 1.868, and fout = 6.386. This system satisfies our criteria for a MS-MS clean collision (as defined in section 5.1) near the end of its evolution. The
system also experiences a close encounter of ∆r ' 0.001 AU after ' 4.73 × 105Pin and an ejection shortly thereafter.
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1, and rather uniformly over a wide range of im,i . However, the
systems reaching ∆r < 0.01 AU are distributed differently. These
close encounters occur in systems classified as stable and unstable
by MA01. The green ‘*’s with f < 0 are distributed over a wide
range of im,i, although they appear to be slightly more concentrated
around im,i ∼ 90◦, while the green ‘*’s with f > 0 occur almost
exclusively around im,i ∼ 90◦. Note that in the MA01 criteria, there
is a linear correction factor involving im up to 30%, whichMardling
& Aarseth (2001) included to account for the added stability of
inclined systems. We remark that the inclusion of this factor is
appropriate, as omitting it caused the systems with high im,i to shift
towards lower f and thus more stable systems (blue) to cross the
stability boundary f = 0 into the negative region.
5 DIRECT COLLISIONS AND FORMATION OF
SHORT-PERIOD BINARIES
We discuss the possible outcomes that are expected for systems
reaching close encounters such as collisions and the formation of
short-period binaries. We remind the reader that we have not in-
cluded tidal interactions between the stars, but since we have kept
track of the close approaches we can still estimate the rate at which
these outcomes occur.
5.1 Clean collisions between Main-Sequence stars
An interesting by-product from our calculations is an estimate of the
rate of clean head-on collisions between main sequence stars in the
field, which has not been worked out previously. A clean collision
avoids a tidal capture and the impact occurs at velocities that are
similar to the escape velocities of the stars. The outcomes from these
collisions have been studied using SPH simulations (e.g., Freitag
& Benz 2005) and could lead to observable transient events (e.g.,
Shara & Regev 1998; Soker & Tylenda 2006), possibly similar to
that observed in V1309 Scorpii (e.g., Tylenda et al. 2011).
We define a clean collision such that ∆r < R1 + R2 ' 2R '
0.01 AU at some point, but previous to this event (i.e., previous
pericentre passages) it avoided suffering a tidal disruption event
or tidal capture. Based on the models of dynamic tides by Press
& Teukolsky (1977) and Lee & Ostriker (1986) we can estimate
the amount of energy deposited in the primary (m1 = M with
polytropic index of 3) at closest approach ∆r & 4R1
∆Etide =
Gm21
R1
(
m2
m1
) (
R1
∆r
)6
T2 + O
([
R1
∆r
]8
T3
)
, (6)
where only leading-order quadrupolar perturbations are considered
(term accompanyingT2). This approximation is reasonable for∆r &
4R1 since T3 < T2 (Lee & Ostriker 1986). The term T2 is a function
of the masses and R1/∆r , and for m1 = m2 we have T2 < 0.01
(Lee & Ostriker 1986). Thus, for two Solar-type stars the fraction
of orbital energy that can be dissipated through dynamical tides is
∆Etide
Eorb
< 0.01
( ain
10 AU
) ( 4R
∆r
)6
, (7)
meaning that each pericentre passage with ∆r & 4R changes the
semi-major axis by |∆ain |/ain < 0.01 if ain < 10 AU. In other
words, order-unity changes are expected after ∼ 100 pericentre
passages. Note that ∆Etide falls-all much more rapidly than ∆r−6
because T2 also decays rapidly with ∆r .
We define a conservative threshold distance of ∆r = 10−1.5 '
0.031 AU ' 6.7R , and require that the spiraling from ∆r ' 0.03
to 0.01 AU (i.e. 10−1.5 to 10−2 AU in our tracked close encoun-
ters) occur in less than one orbit, i.e. ∆t < 1Pin, in order to guar-
antee the avoidance of tidal capture. This threshold is conserva-
tive because the semi-major axis only changes by |∆ain |/ain .
10−5 × ain/(10 AU) per pericentre passage.
Our calculations indicate that clean collisions occur in 1.61%
(76/4720) of our systems. The system shown in Figure 4 is an
example of a system that experienced a clean collision. If we limit
our results to only include systems with ∆r0 = ain,0(1− ein,0) > 0.1
AU, we still get a clean collision rate of 1.25% (59/4720). If we are
even more conservative and only consider stable systems (MA01
stable and avoids ejections over tmax), the clean collision rate is
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Figure 6. Number of clean collisions between MS stars (as defined in section 5.1) in our simulations as a function of time. Top: Histograms of the time taken
(in Pin) for the systems to involve a clean collision at the ∆r = 0.01 AU scale, satisfying various conditions. We use 10 bins spaced uniformly in log, from
1Pin to 5 × 106Pin. Bottom: Cumulative fractions (numbers) of systems involving a clean collision as a function of time (in Pin) for various systems.
∼ 0.4% (13/3489). If a less conservative threshold for the tidal
barrier of ∆r = 10−1.75 AU ' 3.8R instead of ' 6.7R is used,
the number of clean collisions increases from 75 to 123.
In the top panel of Figure 6 we plot histograms of the times
taken for the systems to result in a clean collision, in terms of the
initial period of the inner body Pin on a logarithmic scale. The
black histogram includes all these clean collisions, while the red
histogram is restricted to systems with ∆r0 > 0.1AU, and the green
histogram only includes MA01 stable systems (13 systems). The
total (black) and initially well-separated (red) distributions are both
peaked at around 10Pin and decay rapidly at longer timescales, while
the MA01 stable (green) distribution is much flatter and lacks the
peak completely. We note that the intersection of the red and green
histograms, i.e. MA01 stable systems with ∆r0 = ain,0(1 − ein,0) >
0.1 AU, is almost indistinguishable from the green (MA01 stable)
histogram alone, with only one less system at < 1Pin. Below the top
panel, we plot the cumulative fraction/number of systems resulting
in these clean collisions over time. Given that we only consider the
evolution of our systems over tmax ∼ 5 × 106Pin, our estimates can
be regarded as lower limits.
We expect clean collisions to come from either dynamically
unstable configurations or stable ones driven by eccentricity oscil-
lations of the inner binary due to the torque from outer orbit. In the
latter case, based on Katz & Dong (2012) we expect that the torque
from the outer orbit can overcome the dissipation barrier at ∼ 6R
and lead to a collision in one orbit if (Equation 7 therein)
aout(1 − eout)
ain
< 2.55
(
m3
m1 + m2
)1/3 ( ain
6R
)1/6
' 6.8
(
m3
m1 + m2
)1/3 ( ain
10 AU
)1/6
, (8)
meaning that the clean collisions for which ein → 1 should typically
have rap . 3.6 (2.5) if ain = 10 AU (ain = 1 AU). Since a rough
criterion for instability is rap . 2.5 we expect that most clean
collision from secular torques pile up very close to the instability
boundary.
In order to better quantify how close to the stability boundary
the systems with clean collisions are, we can express the condition
in Equation (8) in terms of the stability boundary parameter YMA
from Equation (3) as:
rap . 2.6 YMA
( ain
10 AU
)1/6 (m1 + m2)1/15m1/33
(m1 + m2 + m3)2/5
× (1 − eout)
1/5
(1 + eout)2/5
1
1 − 0.3im/180◦ , (9)
which for equal-mass triple systems, implies that
rap . 2 YMA
( ain
10 AU
)1/6
, (10)
so collisions indeed are expected to lie close to the stability boundary
rap = YMA. Consistent with this expectation, from Figure 7 we
observe that all the MS-MS collisions come from rap − YMA < 2,
while most do so from unstable configurations rap − YMA . 0.
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Figure 7. Histograms of the Mardling & Aarseth (2001) criteria parameter f = rap −YMA for systems with clean collisions (as defined in sections 5.1 - 5.3)
and ain,0(1 − ein,0) > 0.1 AU. The majority of clean collisions involving a MS star (blue and green) involve MA01 unstable ( f < 0) systems, while WD-WD
clean collisions (red) come predominantly from MA01 stable ( f > 0) systems.
5.1.1 Collision rates in the Milky Way
From Raghavan et al. (2010) we have that ∼ 18% of the Solar-type
stars are in triple stellar systems or, equivalently, 0.09±0.02 of their
stellar systems are triples. Since the ratio between the fraction of
collisions and the number of stars in our simulations is ' 0.0125/3,
we derive a collision fraction of ∼ 0.18×0.0125×1/3 = 7.5×10−4
per main sequence stars. By taking similar numbers as in Kaib &
Raymond (2014), we assume that the star formation rate in theMilky
Way is constant during the last fewGyrs, and in steady-state we have
an average collision rate of ∼ (1011 × 7.5 × 10−4)/(1010) yr−1 =
7.5 × 10−3 collisions per year.
For comparison, it has been shown byKaib&Raymond (2014)
that galactic tides can drive stellar collisions in a fraction of ∼ 0.1%
per wide binary (see Figure 2 therein). Their results indicate that
very wide binaries (a & 104 AU) in our galaxy have a median
probability of ∼ 1/500 of stellar collision due to galactic tides. By
also assuming that ∼ 5% of the stars are in these wide binaries,
their results imply that the fraction of main sequence stars subject
to collisions is ∼ 0.05 × (1/500) × 1/2 = 5 × 10−5.
Our results indicate that the collision rate derived from triple
systems is ∼ (7.5 × 10−4)/(5 × 10−5) = 15 times larger than that
from galactic tides. Thus, contrary to the claim by Kaib & Raymond
(2014) that galactic tides are the dominant source of stellar colli-
sions, we argue that triple systems dominate the rate of collisions
in our galaxy. Our rate can be regarded as a lower limit for two
reasons: (i) the more widely separated binaries might not have had
enough time to survey the phase-space to reach the collision state,
and (ii) our definition of collision is conservative and collisions can
still occur in systems that are subject to some tidal dissipation.
5.2 Clean collisions between a main-sequence star and a
compact object
We take advantage of the scale-free nature of the three-body dy-
namics to give an estimate of the rate of a direct collision between a
main sequence star and a compact object (WD, NS, or a stellar-mass
BH).We assume that a direct collision occurs when∆r < R , while
it avoids the same tidal barrier as in the previous case of two main
sequence stars, ∆r ' 0.03 AU, by passing through these thresholds
in less than 1Pin. In our simulations, this amounts to the number of
systems tracked going from 10−1.5 to 10−2.25 AU in less than 1Pin.
A total of 0.83% (39/4720) of our systems involved a clean
collision in this manner. Limiting our calculations to include only
systems satisfying ∆r0 = ain,0(1− ein,0) > 0.1 AU results in 0.64%
(30/4720) as the clean collision rate ofmain sequence stars and com-
pact objects. When considering only the stable systems according
to the MA01 criterion, this number drops to just 0.11% (5 systems).
Thus, most of our clean collisions result in ejections if the bodies
are allowed to evolve over time as point sources.
If a less conservative threshold for the tidal barrier of ∆r =
10−1.75 AU ' 3.8R instead of ' 6.7R is used, the number of
clean collisions increases from 39 to 64.
We remark that we have ignored stellar evolution in our cal-
culations and it is expected to play a significant role at modifying
the dynamics in triple systems (see Toonen et al. 2016 for a recent
review).
5.3 Comparison with Katz & Dong (2012): rate of WD-WD
collisions
Similar to Katz & Dong (2012) we assume that a direct collision
between WDs happens when the distance ∆r < 2RWD ∼ 10−4 AU,
while avoiding the tidal barrier at ∼ 2−4RWD during previous peri-
centre passages. We thus consider the number of systems crossing
∆r ' 10−3.75 to 10−4 AU in less than one orbit, ∆t < 1Pin.
We find that the number of WD-WD undergoing clean colli-
sions is 35,while the number of all the systems reaching∆r < 2RWD
is 99. The number ofWD-WD clean collisions occurring in systems
with ∆r0 = ain,0(1 − ein,0) > 0.1 AU is 29, equivalent to a fraction
of about 0.61% of our systems. In contrast with the main sequence
star collisions (with another main sequence star or a compact object)
described in the previous subsections, most of these WD-WD col-
lisions occur in systems stable against ejections: 25 of these clean
collisions occurred inMA01 stable systems. The distributions of the
MA01 stability criteria f = rap − YMA for our clean collisions are
shown in Figure 7. This result is also clear from Figure 3, where the
number of systems reaching ∆r . 10−4 AU in the subset of MA01
unstable systems is much fewer than the total, indicating that most
of these very close encounters (a fraction of which lead to clean
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collisions) must come from stable systems as mentioned previously
in section 4.2.
In the top panel of Figure 8, we plot histograms showing the
distributions of the ratio of initial outer pericentre to initial inner
semi-major axis, rp,out,0/ain,0 = aout,0(1− eout,0)/ain,0, for systems
reaching various close encounters (∆r = 10−2 and 10−4 AU) and
for WD-WD clean collisions (red curve). While we truncate the
histogram at rp,out,0/ain,0 = 103, all of the systems resulting in∆r 6
10−2 AU come from rp,out,0/ain,0 . 102. We observe that WD-WD
collisions occur preferentially in systemswith rp,out,0/ain,0 ∼ 3−20.
The distribution is peaked between rp,out,0/ain,0 ∼ 3 − 7, with a
few (∼ 3%) percent of these systems undergoing WD-WD clean
collisions, similar to the results by Katz & Dong (2012) (Figure 3
therein).
The fraction of WD-WD collisions considering stable systems
only is 29/3366 ∼ 1%, which is a factor of ∼ 2 − 5 smaller than
the few percent found by Katz & Dong (2012). This is expected
because our initial conditions span in a wider range of separations
compared to Katz & Dong (2012). If we restrict to only stable
systems with rp,out,0/ain,0 = 2 − 10 as in Katz & Dong (2012), we
get that 29/579 ∼ 5% of the systems result in a direct collision in
better agreement with their results.
We note that our WD-WD collisions occur over a wide range
of timescales, from after a few orbits to over 106 orbits of the inner
binary. It has been shown by Thompson (2011) using numerical
calculations that the merger time can be less than the Hubble time
for awide range of binary periods in triple systemswhere the tertiary
induces Kozai eccentricity oscillations in the inner binary.
5.4 Tidally-driven outcomes: short-period binaries
Even though we have neither included tidal dissipation nor tidal
disruptions in our calculations, we can estimate a good upper limit
to the fraction of short-period binaries that can be formed. We shall
define short-period binaries as the systems where the period of the
inner binary is . 10 days or for the purpose of our work with final
semi-major axis a < 0.1 AU.
We note that short-period binaries can be primordial due to
our choice of initial conditions or due to eccentricity excitation
from the tertiary followed by tidal circularization (e.g., Mazeh &
Shaham 1979; Fabrycky & Tremaine 2007).
First, we estimate the former fraction of primordial binaries
for which the tertiary plays no role in its formation. We notice that
these can come from initially circular binaries with a < 0.1 AU or
eccentric binaries with any value a followed by circularization. As
in previous studies (e.g., Eggleton & Kiseleva 2006; Fabrycky &
Tremaine 2007) we estimate the timescale to shrink the orbit from
equilibrium tides for two Solar-type stars as (e.g., Equation 4 in
Petrovich 2015b)
τa ≡
(
1
ain
dain
dt
)−1
∼ 1 Gyr
(
tV
5 yr
)
1
f (ein)
×
(
ain[1 − e2in]
0.1 AU
)15/2 ( ain
1 AU
)1/2
, (11)
where f (e) = e2(1 + 15/4e2 + 15/8e5 + 5/64e6) and tV is the
viscous time of the stars. Thus, the systems where the inner binary
has a[1 − e2] . 0.1 AU can form a short-period binary in the main
sequence’s lifetime of the star. A fraction of 136/3193 ∼ 4% of our
simulated systems satisfy this condition.
Second, some binaries starting with a[1 − e2] > 0.1 AU (not
a primordial short-period binary) can acquire high eccentricities
driven by the tertiary and reach a[1 − e2] . 0.1 AU. In the limit
of high eccentricities (e & 0.9) the condition a[1 − e2] . 0.1 AU
reads a[1 − e] . 0.05 AU. In Figure 3 we show the minimum
pericentre distances (black circles) and find that ∼ 23% of them
reach a[1 − e] . 0.05 AU at some point of their evolution, while
∼ 10% do so from the beginning of the integration (blue crosses).
Since about half of our short-period binaries are formed be-
cause of our initial conditions (initial ain[1 − e2in] . 0.1 AU), up
to ∼ 13% of all our systems are formed by a high-eccentricity path
(a[1 − e] . 0.05 AU) due to the gravitational perturbation from
the third body. This is an upper limit as some systems will lead to
mergers (roughly ∼ 1%), while others will not circularize because
the inner orbit spends little time at the minimum ∆r = ain(1 − ein).
Our results are roughly consistent with those from Naoz &
Fabrycky (2014) who found that ∼ 21% of the triple systems have a
short-period binary at the end of their integration with only ∼ 40%
of these (∼ 8% of the triple systems) being brought into their short-
period orbits due to the gravitational perturbations from the tertiary.
We note that the authors used the secular equations of motion with
tidal dissipation and systems initially in MA01 stable orbits for
which oct = aineout/[aout(1 − e2out)] < 0.1. If we restrict to only
those systems we get a similar result for the formation of short-
period binaries and we confirm this result by integrating the systems
with the secular code in Petrovich (2015b) including relativistic
precession but no tidal interactions.
6 SUMMARY
In this work, we run a set of N-body integrations using a wide range
of initial conditions for stellar triple systems to study their stability
and dynamical outcomes. The main goals of our simulations are
to test the previously proposed and commonly relied-upon stability
criteria in the literature, namely by Eggleton & Kiseleva (1995)
and Mardling & Aarseth (2001) specifically for these types of triple
systems, and to determine the rate at which triple-stellar systems
merge in the galactic field.
Our main results are summarized below:
• The EK95 and MA01 criteria perform well in characterizing
the stability of these systems against ejections over timescales of
5 × 106Pin for a wide distribution of orbital configurations for stel-
lar triples motivated by the observed populations in Duquennoy &
Mayor (1991). The MA01 criteria performs slightly better when
considering the completeness of both stable and unstable classifi-
cations altogether, while EK95 has a similar performance as the
simple criterion rap ≡ aout(1 − eout)/[ain(1 + ein)] = 2.5. We rec-
ommend the usage of the MA01 criterion for classifying systems as
either long-term stable or unstable based on their initial conditions.
• We estimate the rate of stellar collisions between main se-
quence stars, compact objects, and combinations of these stars aris-
ing from dynamical effects which drive the eccentricities of their
orbits up to cause close pericentre passages and other close en-
counters between the bodies. Even with a rather strict definition
of a clean collision5 at these various scales , and only consider-
ing initially well-separated systems (∆r0 = ain,0(1 − ein,0) > 0.1
AU), we still get non-negligible fractions of systems which result in
5 A clean collision is defined as those in which the bodies pass through their
mutual tidal barrier in less than one orbit to ensure that tidal forces would
not circularize their orbits, which we did not directly simulate.
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Figure 8. Top: Histograms showing the distributions of initial outer pericentre to inner semi-major axis ratio, aout,0(1 − eout,0)/ain,0, for systems reaching
various close encounter distances. Bottom: Fractions of systems reaching those close encounter thresholds as a function of aout,0(1 − eout,0)/ain,0. In both
panels, the red curve denotes systems involving WD-WD clean collisions, as defined in section 5.3, while also initially satisfying ain,0(1 − ein,0) > 0.1 AU.
We use 50 bins distributed uniformly in log and truncate the upper end at 103.
clean collisions: ∼ 1.3% (MS-MS), 0.64% (MS-Compact Object),
and 0.6% (WD-WD). These values are regarded as lower limits and
imply significant rates of head-on stellar collisions resulting from
triple interactions.
• We find that the rate of MS-MS collisions from triple stellar
systems is ∼ 7×10−3 yr−1, which is at least 15 times higher than the
rate derived for very wide binary systems affected by galactic tides
found by Kaib & Raymond (2014). Also, Perets & Kratter (2012)
derived a rate of stellar collisions resulting from the dynamical in-
stability of triple systems caused by mass loss, which they term the
triple evolution dynamical instability (TEDI), of ∼ 1.2×10−4 yr−1.
Thus, we conclude that in addition to the stellar collision rate de-
rived from their TEDI process, the orbital evolution of the triple
systems alone provides enough clean collisions to dominate the
stellar collision rate in the Milky Way.
• By tracking the closest approaches between stars, but not in-
cluding tides in our simulations, we estimate an upper limit to the
fraction of short-period binaries in triple systems of ∼ 23%. Only
∼ 58% of these (∼ 13% of the systems) are due to triple interactions,
results that are consistent with those from Naoz & Fabrycky (2014)
using a secular code that includes tidal interactions.
Finally, we remark that although we only considered the dy-
namical evolution of our triple systems in our simulations, it has
been shown that stellar evolution can also play an important role
and affect the outcomes of these systems. As previously mentioned,
Perets & Kratter (2012) considered the effects of mass loss of the
primary and argue that the ratio aout/ain decreases since ain in-
creases more than aout, due to the larger relative mass loss in the
inner system compared to the outer system. Thus, dynamically sta-
ble systems can move into the unstable regime due to mass loss, a
process Perets & Kratter (2012) called the TEDI mechanism. Fur-
thermore, if the primary becomes much less massive than the other
two stars, as may be the case if the primary suffers severe mass loss
in becoming a WD, the system may become subject to the Eccen-
tric Kozai-Lidov mechanism and develop instability (the Mass-loss
Induced Eccentric Kozai mechanism, Shappee & Thompson 2013).
On the other hand, triple systems can also become more stable if
there is significant mass loss/transfer of the third, outer companion,
which may quench secular evolution (secular evolution freeze-out,
Michaely & Perets 2014). These studies reveal that the dynami-
cal outcomes of triple systems can be influenced by many factors
of their stellar evolution, and our understanding of these outcomes
will benefit from additional future studies involving both orbital and
stellar evolution.
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